A model of photo-detection using a Bose-Einstein condensate in an atom-chip based micro trap is analyzed. Atoms absorb photons from the incident light field, receive part of the photon momentum and leave the trap potential. Upon counting of escaped atoms within predetermined time intervals, the photon statistics of the incident light is mapped onto the atom-count statistics. Whereas traditional photo-detection theory treats the emission centers of photo electrons as distinguishable, here the centers of escaping atoms are condensed and thus indistinguishable atoms. From this an enhancement of the photon-number resolution as compared to the commonly known counting formula is derived.
I. INTRODUCTION
The quantum theory of photo detection based on the absorption of photons and emission of photo electrons represents one of the cornerstones of quantum optics. It serves to obtain the statistics of emitted photo electrons given the quantum statistics of the incident optical field. Various approximations, as described by this theory, lead eventually to the famous photocounting formula of Mandel (author?) [1, 2] , a quantum version of a previously known semi-classical Poissonian formula (author?) [3, 4] , P n (t,t 0 ) = :
[η DÎ (t,t 0 )] n n! e −η DÎ (t,t 0 ) : .
Here : : denotes normal operator ordering, η D is the quantum efficiency of the detector, andÎ(t,t 0 ) is the time-integrated light intensity incident on the detector's entrance plane. This formula has the well-known limit of a purely Poissonian photo-electron statistics, if the integration time τ = t − t 0 is larger than the coherence time of the incident optical field. This integration time represents the response time of the detector system including the connected electronics to amplify the generated photo currents. Thus to observe the statistics of the optical field, one must ideally have a fast detector and a large coherence time of the optical field under study.
As already mentioned, to derive the Mandel formula, some approximations have to be made. These approximations are perfectly justifiable for a solid-state detector device that operates at not too low temperatures. One crucial assumption is the distinguishability of the atoms emitting the observable photo electrons. Another approximation is found to consist in the perturbative calculus used to obtain joint probabilities of photo-electron emissions. Together they lead to the Poissonian operator form, rather independent of the underlying absorption dynamics.
Consider now a device that operates in a rather different regime, that is, it may be cooled down to ultra cold temperatures in order to behave more quantum than a typical solidstate photo detector. For example, let us consider a cloud of magnetically trapped Bose-condensed alkaline atoms (author?) [5] floating on the surface of a so-called atom chip (author?) [6, 7] . Atoms can now absorb incident photons to receive part of the photon momentum, giving them sufficient kinetic energy to escape from the trap, to subsequently be detected, for instance by ionization.
As such a system is highly degenerate, the emission centers of escaping atoms, i.e. the condensed atoms themselves, are not distinguishable. Furthermore, a perturbative approach to calculate the emission probabilities is hardly appropriate, as we may deal with Rabi cycles, where atoms absorb and stimulatedly emit photons, thereby returning to the condensate. Thus, the crucial approximations that led to the Mandel formula cannot be applied and thus one may expect a rather different counting formula. Such a counting formula connects the statistics of escaping atoms to the statistics of the incident optical field. For the purpose of unveiling the different counting formula we study in the following a model detector system using a Bose-condensed gas. Although, it serves here merely for demonstrating the differences in the resulting counting formula, we suppose that this system also possibly may be realizable in current experiments.
The paper is organized as follows: In Sec. II the model of the photo detector is introduced. The atom-counting statistics is then derived in Sec. III, followed by a discussion of its features in Sec. IV. Finally, a summary and conclusions are given in Sec. V.
II. PHOTO DETECTOR MODEL

A. Mechanism of photo-detection
Let us assume that a cloud of bosonic atoms is magnetically trapped in a micro trap implemented on an atom chip and being cooled well below the condensation temperature, T ≪ T c . We suppose that the trapping potential is highly elongated into one direction and therefore approximate the system as being effectively one dimensional. Furthermore, the atoms shall interact nearly resonant with a collimated light field with incidence parallel to the elongated trap axis, see Fig. 1 . The overlap of the transverse mode structure of the light with the transverse mode structure of the atomic cloud shall be consid- ered as a constant mode-matching parameter, that will determine the coupling strength and thereby the efficiency of the detector. The resonant electronic transition of the atoms shall be formed by two levels, the lower level (ground state) being subject to the magnetic trapping, whereas the upper level (excited state) being unaffected by the trap. Thus, if all atoms start from the ground state, those being excited by absorption of an incident photon may leave the trap potential to be detected, e.g. by subsequent ionization. Some of the excited atoms, however, will be de-excited by stimulated emission and therefore will be subject to the trapping potential again. The electronic level scheme including the sidebands generated by the trap potential, and the loss of atoms from the trap is depicted in Fig. 2 .
Given the atoms being Bose-condensed at the initial time t 0 , one may ask for the probability P a (t,t 0 ) to observe a atoms escaping from the trap in the time interval [t 0 ,t], during which light is incident on the atomic probe. After this interval the detector is reset, i.e. all atoms are cooled again into the condensate mode (i.e. the lowest trap level), to start the counting again for an identical time interval τ = t − t 0 . Thus τ will be the analogue to the usual photo-detector integration time and the atom-counting statistics P a will then be related, in a yet unknown way, to the statistics of the incident optical field.
B. Interaction with the incident optical field
The Hamilton operator of the complete system including the detector and the incident optical field can be decomposed into free and interaction part aŝ
where the free evolution is governed bŷ
withĤ em being the Hamiltonian of the electromagnetic field andĤ at being the Hamiltonian of the atoms. The electric field of the incident optical beam can be written as a decomposition of monochromatic modes of wave vector k and frequency ck,
where E k denote the rms vacuum fluctuations of the electricfield modes,b k andb † k are the bosonic photon annihilation and creation operators, respectively. As the field polarization is selected by the resonant atomic transition, only one type of polarization is considered here. Using this expansion the free Hamiltonian of the electromagnetic field thus becomeŝ
The atomic system is described by the bosonic atom-field operatorsΦ i (x), where i = g, e denotes the electronic state, and that satisfy the commutation relations
The atomic Hamilton operator readŝ
where the trap potential only acts in the electronic ground state and reads
with ν and ω eg being the trap and electronic-transition frequency, respectively, and m is the atomic mass. For the purpose of diagonalizing the free atomic Hamiltonian, we define the Schrödinger eigen-modes:
Thus φ g,n (x) with discrete n = 0, 1, . . . and eigen-frequencies
are the harmonic-oscillator eigen-modes corresponding to a trapped atom in its electronic ground state. The modes φ e,k (x) ∝ exp(ikx) with continuous k ∈ [−∞, ∞] and eigenfrequencies
are plane waves corresponding to a free atom in its electronic excited state. These modes form two independent orthonormal sets and obey the standard completeness relations
Each electronic component of the quantized atomic field can now be expanded aŝ (14) where the operatorsĝ n andê k , each satisfy again the bosonic commutation relations,
Using the expansion (14) the free atomic Hamiltonian (7) reduces toĤ
The interaction between the atoms and the optical field reads in dipole approximation
where d is the transition dipole moment of the atoms and κ ⊥ is the matching between the transverse modes of electromagnetic and atomic field. Using the expansions of electric and atomic fields, cf. Eqs (4) and (14), respectively, this interaction can be rewritten in optical rotating-wave approximation asV
where the (vacuum) Rabi frequency has been defined as
and the Fourier transforms of the trap modes are defined as
Thus the absorption of a photon of wave vector k transforms a ground-state atom in trap level n into an excited-state atom with a superposition of wave vectors k ′ given by φ g,n (k ′ − k). We may therefore define the annihilation operator of an excited wave packet, created from trap level n by absorption of a photon of wave vector k:
This relation can be inverted to obtain all operatorsê k from the set of operatorsê k 0 ,n (n = 0, 1, 2, . . .) for a specific wave vector k 0 :ê
The excited-wavepacket operators satisfy the following commutation relations
and in particular [ê k,n ,ê † k,n ] = 1. Using these wave packet operators, the interaction Hamiltonian can be simplified tô
(24)
C. Single-mode approximation
If we start from a Bose-condensed gas with all atoms being in the lowest trap level n = 0, a cycled electronic transition will preferably lead again to the lowest trap level by bosonic enhancement. We may thus approximate the ground-state levels by a single mode, corresponding to the lowest trap level and may simplify the interaction Hamiltonian (24) tô
Furthermore, we suppose that the incident optical field is quasi monochromatic with wave vector k 0 , so that only the photon operatorb k 0 has to be kept. Using thus the definitionsb k 0 →b, g 0 →ĝ,ê k 0 ,0 →ê, and Ω k 0 → Ω the interaction further simplifies toV
The free atomic Hamiltonian, on the other hand, can be written in this single-mode approximation aŝ
with the average frequency of the excited wave packet being determined by the wave vector of the absorbed photon and the momentum spread of the ground-state trap level:
We note that the performed single-mode approximation neglects the dispersion of the excited wave packet, being now considered as a propagating plane wave. The effective transition frequency between the relevant two atomic levels becomes now
In resonance this transition frequency is compensated for by the frequency ck 0 of the optical field, from which we obtain the resonance condition
D. Loss mechanism
The spatio-temporal mode of the excited wave-packet in the single-mode approximation is obtained as
It corresponds to a motion into the direction of the wave vector of the previously absorbed photon with the group velocity v g = ω e /k 0 given by
where η = k 0 δ x 0 is the Lamb-Dicke parameter with δ x 0 = h/(2mν) being the rms position spread of the trap ground level. For a typical magnetic trap potential the weak binding regime applies, where the Lamb-Dicke parameter is η ≫ 1. Thus the conservation of momentum is approximately granted and the excited atom compensates for the momentum of the absorbed photon.
If the excited wave packet has moved over a distance ∼ δ x 0 it may no longer be recycled into the electronic ground state by stimulated emission of a photon, as the corresponding spatial overlap will be close to zero. It thus has escaped from the trap. The time of flight for this to happen is given by τ = δ x 0 /v g and the corresponding rate for this to happen, γ = 2πτ −1 , is therefore obtained as
The escape of atoms and their subsequent detection may be modeled as an incoherent loss of atoms, described by the master equation
where the atom loss is modeled by the Lindblad-form part
The master equation (34) can be written in the form
where according to Eqs (5) with Ω = |Ω|e iϕ .
E. Atomic pseudo spin
For the atomic quantum fields we may define the pseudo spin operatorŜ with components (Ŝ ± =Ŝ x ± iŜ y )
where the atom-number operator is defined aŝ
The operatorsŜ ±,z satisfy the standard su(2) commutation relations,
The total number of excitations -excited atoms plus photons -is given by the operatorN
The atomic system can now be described in the basis of Dicke states (author?) [8] |A, A e at = |A − A e g ⊗ |A e e ,
where A is the total number of atoms, i.e.Â|A, A e at = A|A, A e at , and A e is the number of excited atoms. The corresponding basis states for the total system can then be written as
where N is the total number of excitations, i.e.N|A, N, n = N|A, N, n , and |n em is a photon-number state.
Using the definitions of the spin operators (38-42), the effective Hamiltonian (37) can be rewritten aŝ
where for notational simplicity we defined ∆ ′ = ∆ + iγ/2 with ∆ = ck 0 − ω ′ eg being the detuning from resonance, and the free Hamiltonian is identified aŝ
As this free part commutes with the remainder of the effective Hamiltonian, we may transform into the interaction picture with respect toĤ ′ 0 , to obtain the master equation in the interaction picture
where the transformed effective Hamiltonian becomeŝ
For notational convenience we omitted here any indication of being in the interaction picture.
In the master equation (47), the last term describes the escape of an excited-wavepacket atom from the trap. The responsible operatorê, that annihilates one such excited atom from the system, can be written in the basis of the states (44) asê
F. Limit of large number of atoms
Let us now consider the action of the operators appearing in the effective Hamiltonian (48) on the basis states (44). Firstly, the actions of the operatorsŜ +b andŜ z on a state |A, N, n are:
Defining a new spin operatorL with its components being defined by the actionŝ
and obeying the usual angular-momentum commutation relations, Eqs (50) and (51) can be rewritten aŝ
Thus accordingly we may replace the operators in the effective Hamiltonian (48) to obtain
where the operatorM
has been introduced. For a proper functioning of the detector we assume that the number of atoms in the gas is much larger than the maximum number of photons of the incident optical field. Thus the occupied eigenvalues of the operatorM are very large and consequently we may perform an expansion over a small parameter being proportional to the inverse atom number (author?) [9, 10] . Thus the interaction part of the effective Hamiltonian is expanded aŝ
where the expansion parameter (L z − 1 2 )/M is chosen to cancel the first-order contribution in (57), obtaining the zero-order Hamiltonian aŝ
III. ATOM-COUNTING STATISTICS
A. Counting statistics
From the solution of the master equation we need to extract the probability for a atoms having escaped in the time interval [t 0 ,t], starting at the initial time t 0 with a perfect Bosecondensed gas with A atoms in the trap ground state. Thus the initial state at time t 0 can be written in the form
whereρ em (t 0 ) is the density operator of the incident optical field at the initial time t 0 . The latter may be expanded in photon-number states aŝ
so that the complete initial density operator can be written in the basis states (44) aŝ
Given the initial density operator (63), the formal solution of the density operator at time t ≥ t 0 can be obtained from the master equation in the form
whereρ a (t,t 0 ) is the (unnormalized) conditional density operator corresponding to the history of the detector system where in total a atoms have escaped in the time interval [t 0 ,t]. The norm of this conditional density operator is the probability for this history to occur, which is the desired probability to count a atoms escaping from the trap:
The conditional density operatorρ a (t,t 0 ) is itself a sum of all possible histories where a atoms escape in such a way, that the jth atom escapes at time t j ∈ [t 0 ,t], where j = 1, . . . , a,
The norm of the conditional density operator on the rhs is the joint probability density for a atoms to escape from the trap at times t 1 , . 
B. Quantum trajectories
Given the initial density operator (63), the conditional density operatorρ a (t,t 0 ;t a , . . . ,t 1 ) is given by the quantum trajectory (author?) [11, 12, 13] ρ a (t,t 0 ;t a , . . . ,
It is a non-unitary evolutionN intermittent by so-called jump operatorsĴ that describe the escape of a single atom from the trap. The super operator of the non-unitary evolution is defined asN
the effective non-unitary evolution operator beinĝ
and the escape of an atom is described by the super operator
Thus the joint probability density (67) can be written using Eqs (69)-(72) and the initial state (63) as p a (t,t 0 ;t a , . . . ,t 1 ) = ∑ n,n ′ ρ n,n ′ (t 0 ) Φ(t,t 0 ;t a , . . . ,t 1 |n ′ )|Φ(t,t 0 ;t a , . . . ,t 1 |n) ,
where the (unnormalized) quantum-trajectory states starting with the initial state |A, n, n are |Φ(t,t 0 ;t a , . . . ,t 1 |n) = γ a/2Û
Using the representation of the operatorê in the basis states, Eq. (49), this state vector can be rewritten as
where the transition amplitudes are Ψ
Here we made use of the fact that the effective Hamiltonian preserves both the atom number and the total number of ex-citations. As the trajectory (75) has exactly A − a atoms and n − a remaining excitations, in the sum of Eq. (73) only terms with n = n ′ contribute: p a (t,t 0 ;t a , . . . ,t 1 ) = ∑ n P n p a (t,t 0 ;t a , . . . ,t 1 |n),
where P n = ρ n,n (t 0 ) is the initial photon statistics and the probability density conditioned on initially n photons is defined as p a (t,t 0 ;t a , . . . ,t 1 |n) = |Φ(t,t 0 ;t a , . . . ,t 1 |n) 2 .
Thus the atom-counting statistics can be written as
where the conditional probability for a atoms to escape in the time interval [t 0 ,t] given that n photons are present is
C. Over damped resonant regime
The features of the dynamics of the absorption and stimulated emission of photons and the loss of atoms from the trap, given a state with A atoms and N excitations, depends on the saturation parameter (cf. App. A) In the opposite over damped case, S A,N < 1, however, no cycling transition is observed but photons are absorbed and their excitation is removed from the system by an atom leaving the trap. In other words, the recoil energy is much larger than the effective coupling energy of the atoms with the photon field,
We recall that in our case the Lamb-Dicke parameter η > 1. Thus the number of absorbed photons equals approximately the number of lost atoms, which means that only the transition amplitudes
have to be considered, since only they start from initial states with all excitation being photonic. From Eq. (75) it becomes then clear that among these transition amplitudes we may further consider only those where one photon has been absorbed, i.e.,
However, as these are approximations we must renormalize correctly the transition amplitudes to obtain statistically correct quantum trajectories. Originally the normalization read
meaning that starting from a state |A, N, n the system eventually will end up with certainty in one of the states |A, N, m with m = 0, . . . , N. Taking into account now only the transition amplitudes (84), we must use the re-normalized transition amplitude
where the probability for the considered transition is defined as
In this way we obtain an atom waiting-time distribution
that is properly normalized:
The quantum trajectory in the over damped regime is thus simplified to |Φ(t,t 0 ;t a , . . . ,t 1 |n) =Û eff (t − t a )|A − a, n − a, n − a
so that the joint probability density (78) becomes
where
is the probability that no atom leaves the trap within the time interval t starting from the state |A, n, n . When approximating the transition amplitudes, cf. Eq. (86), to obtain statistically correct quantum trajectories that lead to a normalized atom-count statistics P a , also the probability (92) must be consistently approximated. This can be done by using the general relation
employing on the rhs the approximation (88).
Using the above results, the conditional probability for a atoms to leave the trap given that n photons are present, Eq. (80), becomes now
This convolution integral is expressed as the inverse Laplace transform
where τ = t − t 0 . In the resonant case (∆ = 0), low saturation (S A ≪ 1), and assuming numbers of photons much lower than the atom number, n ≪ A, we obtain the atom waiting-time distribution as [cf. Eq. (A2)]
where the saturation parameter (A1) has been approximated by S A = 4Ω 2 A/(γ/2) 2 . This form shows a behavior quite similar to over damped Rabi oscillations of a two-level system interacting with a resonant laser field, with the saturation being now dependent on the number of atoms. The individual Laplace transforms become then
where we defined
As we deal with low saturation, S A ≪ 1, the introduced parameters behave as q ≫ 1 and τ
Thus the product of transformed waiting-time distributions in Eq. (95) becomes
where the Binomial coefficients are defined by means of the Gamma function,
.
The Laplace transform of the no-escape probability is according to Eq. (93)
which can be written as the sum
Thus the complete conditional probability (95) becomes the sum of the three inverse Laplace transforms . Each Laplace transform results as a Meijer G function (author?) [14] ,
where we have introduced the parameter
IV. DISCUSSION
The effective rate at which an atom leaves the trap is τ can be identified as the probability for an atom to escape from the trap by the absorption of a photon. However, there is additionally the large saturation-dependent parameter q ≈ 2/S A , cf. Eq. (98), that may change the shape of the conditional probability (104). It is thus not obvious how these two parameters can be merged into a possibly existing single parameter, such as the quantum efficiency.
However, such a quantum efficiency may be defined phenomenologically, demanding that the average atom count conditioned on the presence of n photons reads a n = η D n.
Thus, only the fraction η D of the n photons leads on average tō a n escaping atoms. In general, the above relation is not necessarily linear, as the efficiency may be a function of the photon number, revealing a nonlinear relation between incoming photon and escaping atom numbers. For our specific case, such a phenomenological quantum efficiency additionally depends on the atom-escape probability p and the saturation-dependent coefficient q, thus we obtain
In Fig. 3 (a) this dependence is shown for an atom-escape probability p = 0.9 in dependence of the parameter q for n = 1 (solid), n = 10 (dashed), and n = 20 (dotted) photons. It can be observed that for large values of q all these curves converge to the value of the atom-escape probability, i.e.
The same behavior is also observed for a lower escape probability p = 0.6, see Fig. 3 (b) . Thus for sufficiently low saturation S A , i.e. for sufficiently large q, a linear regime is attained, where the quantum efficiency becomes independent of the incident photon number n and coincides with the atom-escape probability p. Does the statistics become then identical to that known from the Mandel counting formula? To answer this question, we proceed as follows: Given that by use of Eq. (106) we may identify a quantum efficiency η D for each conditional atomcount statistics P a (q, p|n), we may compare it with the corresponding conditional count-statistics that would correspond to the Mandel formula of photo-detection (1) . The latter is given by the Binomial statistics,
In Fig. 4 (a) the atom-count statistics is shown for an incident light field with n = 10 photons, with an atom-escape probability p = 0.9 and q = 100. From part (c) it can be seen that the deviation from the Binomial statistics of corresponding quantum efficiency η D = 0.8862 is not too large. However, this changes if the saturation-dependent coefficient is lowered to q = 10, see the atom-count statistics shown in Fig. 4 (b) . Now the deviation from a Binomial statistics with corresponding quantum efficiency η D = 0.7730 becomes rather large, cf. 
Fig. 4 (d).
In fact, the statistics becomes narrower as compared to the Binomial form. Whereas these two cases used a rather large atom-escape probability of p = 0.9, for a lower value such as p = 0.6 already for q = 100 a somewhat larger deviation from the Binomial statistics can be observed in Fig. 5 (c) . However, the general trend of larger deviation for smaller values of q is confirmed.
We may thus conclude that for a given value of p in the limit q → ∞ we approach the form of a Binomial statistics, agreeing with the Mandel formula. This limit corresponds to S A → 0, i.e. to extremely low saturation. For such low saturation the atomic gas absorbs photons one by one, making the appearance of bunches of simultaneously escaping atoms highly improbable. As in this limit, at a given instant of time, no more than one escaped atom may be detected, the indistinguishability of the bosonic atoms can be safely disregarded. Thus the Mandel formula is reproduced, as given by its perturbative derivation assuming distinguishable photo-electron emission centers.
For larger saturation, however, it becomes more probable that several photons are absorbed simultaneously, generating thus bunches of escaping atoms. In this regime the indistinguishability of the bosonic atoms becomes relevant and large deviations from the Mandel counting formula are observed. They manifest themselves by a reduced fluctuation of atom counts as compared to the Binomial form. This noise reduction leads to an enhanced photon-number resolution as compared to a conventional photodetector at equal detection efficiency, which constitutes an important advantage of a microtrap based detector.
It should be noted that the detection efficiency η D determines the mapping photon to atom numbers to all orders of moments for a conventional photodetector. In our case, however, it only connects the mean photon and atom-count numbers. The shape and width of the atom-count statistics additionally depends on a second parameter, e.g. the saturation, which allows for a difference from the Binomial statistics.
The present model assumes an ideal Bose gas in the limit of zero temperature. However, the inclusion of atomic collisions can be consistently made by identifying the lowest trap mode as the solution of the Gross-Pitaevskii equation. In ThomasFermi approximation the only modification will be then the increased (decreased) size of the ground-state mode for repulsive (attractive) scattering, which will modify the time of flight of excited atoms to escape from the trap. Thus repulsive (attractive) scattering will decrease (increase) the atom-loss rate γ.
The treatment of finite temperature (but below the condensation temperature) requires the departure from the singlemode approximation. However, for low saturation as discussed here, the inclusion of non-condensed modes will not lead to a mixing of condensed and non-condensed atoms by photon absorption: Photon absorption will excite both initially condensed as well as non-condensed atoms to immediately leave the trap. Thus they do not return to the electronic ground state, preventing the mixing. The small fraction of non-condensed atoms at finite temperature will represent distinguishable emission centers that will contribute as a small Binomial admixture to the atom-count statistics. With increasing temperature this admixture will deterioate the enhancement of photon-number resolution made by the condensed atoms, as we expect from the transition beyond the condensation temperature to a gas of distinguishable atoms.
V. SUMMARY AND CONCLUSIONS
In summary we have introduced a model for a photo detector using a Bose-condensed gas trapped on an atom chip. By use of an atomic pseudo-spin approximation based on large atom numbers, the photon absorption and atom-escape dynamics could be approximated for the over damped case where Rabi oscillations are suppressed. A quantum-trajectory method then led us to a counting formula involving a sum of three Meijer G functions.
The conditional count statistics has been shown to depend on a saturation-dependent coefficient q and an atom-escape probability p, to which the quantum efficiency of the detector converges in the limit of extremely low saturation, q → ∞. In this limit the differences from a Binomial statistics vanish so that our result coincides with the Mandel counting formula. However, for realistic values of the saturation substantial deviations can be observed as a reduced atom-count fluctuations.
An open question is yet the behavior of our model detector for saturation S A ≥ 1, where full Rabi oscillations start to occur. We assume that in this regime we may expect even larger and dramatic deviations from the Mandel formula. Then coherent processes must be included, that describe the tempo-rary storage of photon energy in the atomic gas in the absence of correspondingly escaping atoms. This is left for a future investigation.
